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Abstract
In this paper an approach to learning cognitive skills from problem solving experience is presented – addressing some phenomena
well known from human learning but seldom covered together in
machine learning. The core of our approach is the acquisition of recursive program schemes (RPSs) by generalization-to-n over plans,
using an inductive program synthesis technique. RPSs represent domain specific control knowledge, that is problem solving strategies
for classes of problems. Because RPSs are abstract schemes, representing the sub-goal structure of a domain, they are suitable for
analogical problem solving and learning.
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Introduction
If an expert system – brilliantly designed, engineered and implemented –
cannot learn not to repeat its mistakes, it is not as intelligent as a worm
or a sea anemone or a kitten.
- Oliver G. Selfridge, from The Gardens of Learning.
Find a bug in a program, and fix it, and the program will work today. Show the program how to find and fix a bug, and the program will
work forever.
- Oliver G. Selfridge, in AI’s Greatest Trends and Controversies

The most important building-stones for the flexible and adaptive nature
of human cognition are powerful mechanisms of learning. On the low-level
99
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end of learning mechanisms is stimulus-response learning, mostly modelled
with artificial neural nets or reinforcement learning. On the high-level end
are different principles of induction, i. e., generalizing rules from examples. While the majority of work in machine learning focusses on induction
of concepts (classification learning, see Mitchell, 1997 for an introductory
overview), our work focusses on inductive learning of cognitive skills from
problem solving. While concepts are mostly characterized as declarative
knowledge (know what) which can be verbalized and is accessible for reasoning processes, skills are described as highly automated procedural knowledge (know how) (Anderson, 1983).
Problem solving is generally realized as heuristic search in a problem space
(Newell & Simon, 1972). In cognitive science most work is in the area of goal
driven production systems (ACT, Anderson, 1993; SOAR, Newell, 1990),
in AI different planning techniques are investigated (Graphplan, Blum &
Furst, 1997, HSP Bonet & Geffner, 2001). In both frameworks, the definition of problem operators together with conditions for their application –
i. e., production rules – is central. Matching, selection, and application of
operators is performed by an interpreter (control strategy): the preconditions of all operators defined for a given domain are matched against the
current data (problem state), one of the matching operators is selected and
applied on the current state. The process terminates if the goal is fulfilled
or if no operator is applicable.
Skill acquisition is usually modelled as composition of predefined primitive
operators as result of their co-occurrence during problem solving – i. e.,
learning by doing. This is true in cognitive modelling (knowledge compilation, Anderson & Lebière, 1998; operator chunking, Rosenbloom & Newell,
1986) as well as in AI planning (macro learning, Minton, 1985; Veloso et al.,
1995). Acquisition of such “linear” macros results in a reduction of search,
because now composite operators can be applied instead of primitive ones.
In cognitive science, operator-composition is viewed as responsible mechanism for acquisition of automatisms and the main explanation for speed-up
effects of learning (Anderson, Conrad, & Corbett, 1989).
In contrast, in AI planning, learning of domain specific control knowledge,
that is, learning of problem solving strategies, are investigated as an additional mechanism (Martı́n & Geffner, 2000). One possibility to model
acquisition of control knowledge is learning of “loop” macros (Shell & Carbonell, 1989; Shavlik, 1990). Learning a problem solving strategy ideally
eliminates search completely because the complete sub-goal structure of a
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problem domain is known. For example, a macro for a one-way transportation problem as rocket (Veloso & Carbonell, 1993) represents the strategy
that all objects has to be loaded before the rocket moves to its destination.
There is empirical evidence, for example in the Tower of Hanoi domain,
that people can acquire such kind of knowledge (c. f., Anzai & Simon,
1979).
An alternative approach to problem solving as search is problem solving
by analogy: For a given problem (target), a similar problem with known
solution (source) is retrieved from memory and this solution is adapted to
the new problem. Analogical problem solving is either modelled as transfer
of a solution based on mapping the structures of source and target (Falkenhainer, Forbus, & Gentner, 1989) or as replaying the source solution in the
new context (Carbonell, 1986; Veloso, 1994). Analogical learning is described as generalization over the common structure of example and goal
problem. While there is empirical evidence that humans acquire generalized knowledge from analogical problem solving (Novick & Holyoak, 1991;
Schmid & Kaup, 1995), only few models of analogical reasoning address
learning (Anderson & Thompson, 1989).
A draw-back of psychological models of and AI approaches to learning by
analogy is, that the existence of scheme-like representation of problems
is mostly presupposed. On the other hand, it is claimed that analogical
problem solving is a strategy used, if the (cognitive) system has no general
knowledge about a problem domain (Novick, 1988). There is next to no
work on how initial, problem specific schemes are acquired (Rumelhart &
Norman, 1981).
We are working on a technique for inductive synthesis of recursive program
schemes which we propose as suitable to overcome some limitations of approaches to learning by doing and learning by analogy addressed above. In
the following, we will first give an overview of our approach. Afterwards
we will show: (1) how initial experience about a problem domain can be
learned from planning, and (2) how this initial experience can be generalized to domain specific problem solving strategies. Because we represent
such strategies as recursive program schemes, our method simultaneously
can be used to model the acquisition of problem specific schemes which (3)
can be used and further generalized in analogical problem solving.
Please note, that the formal background of our approach together with
the algorithms and evaluations are presented in detail elsewhere (Schmid,
2003). In this paper we focus on how this approach can be used to model
some aspects of skill acquisition.
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Figure 1: Components of IPAL

2

A Framework for Skill Acquisition

The general architecture of our system IPAL is given in figure 1: Input is
some problem specification (pre-defined primitive operators, problem solving goal). The system explores the problem, that is, tries to find operator
sequences for transforming some initial states into a state fulfilling the
goals by means of search (planning). This experience is integrated in a
finite program term (“initial program”), corresponding roughly to a set of
linear macros as discussed above. The initial program is generalized to a
recursive program scheme (RPS), i. e., the system infers a domain specific
control strategy which simultaneously represents the (goal) structure of
the current domain. This generalization-to-n step is realized by an inductive program synthesis technique. Alternatively, after initial exploration,
a similar problem might be retrieved from memory. That is, the system
recognizes that the new problem can be solved with the same strategy as
an already known problem. In this case, a further generalized scheme,
representing the abstract strategy for solving both problems is learned.
We will illustrate this three steps of learning with a simple blocks-world
example used throughout the paper (see fig. 2): To reach the goal, that
block C has a clear top, all blocks lying above C have to be put on the
table. This can be done by applying the operator puttable(x) if block x has
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IF cleartop(x)
THEN s
ELSE IF cleartop(topof(x))
THEN puttable(topof(x),s)
ELSE IF cleartop(topof(topof(x)))
THEN puttable(topof(x),
puttable(topof(topof(x)), s))
ELSE undefined

Generalization over recursive enumerable
problem spaces
...

Recursive Program Scheme
clearblock(x, s) =
IF cleartop(x)
THEN s
ELSE puttable(topof(x),
clearblock(topof(x),s))

...
Generalization over classes of problems

Frame Hierarchy

r(x, v) =
IF bo(x)
THEN v
ELSE op1(op2(x), r(op2(x), v))
clearblock(x, s) =
addx(x, y) =
IF cleartop(x)
IF eq0(x)
THEN s
THEN y
ELSE puttable(topof(x),clearblock(topof(x),s))ELSE plus(pred(x),addx(pred(x),y))

Figure 2: Three Levels of Generalization
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Figure 3: Universal Plans for clearblock and tower
a clear top. The initial program represents the experience with three initial
states as a nested conditional expression. This primitive behavioral program is generalized over recursive enumerable problem spaces: a strategy
for clearing a block in n-block problems is extrapolated and interpreted
as recursive program scheme. This scheme represents not only the solution strategy for unstacking towers of arbitrary height but for all structural
identical problems. That is, experience with a blocks-world problem can for
example be used to solve a numerical problem which has the same structure
by re-interpreting the meaning of the symbols of an RPS.

3

Generalization over Problem States

For the first step of learning we use an approach of universal planning
(Schoppers, 1987; Schmid & Wysotzki, 2000) to explore a problem domain
with small complexity (e. g., a blocks-world with only 3 blocks). In contrast
to classical planning, an universal planner “simultaneously” generates plans
for sets of initial states.
Planning starts with a set of top-level goals. For the simple clearblock
problem, the goal is cleartop(C). For the problem of building a tower of
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alphabetically sorted blocks, the goal could be {on(A,B), on(B,C)} – i. e.,
a conjunction of possibly interdependent goals. For a given set of operators, the planner constructs recursively all problem states which are legal
predecessors of a current state. For the clearblock problem, we have only
one operator
puttable(x)
PRE: cleartop(x), on(x,y)
ADD: cleartop(y)
DEL: on(x,y).

In general, an operator is defined by preconditions (PRED) and effects
(ADD, DEL). For forward operator application, the current state and the
preconditions have to match. The operator is instantiated accordingly (and
now called “action”) and applied to the current state. The state is transformed into a successor state by adding the literals specified in ADD and
deleting the literals specified in DEL. For backward application of an instantiated operator o, the current state S and the ADD-List have to match and
a predecessor state is constructed by subtracting ADD and adding PREC
and DEL: Res−1 (S, o) = S \ ADD ∪ (DEL ∪ P RED). For example, if we
have the state {on(B,C),cleartop(B),cleartop(A)}, backward application of
puttable(A) results in {on(A,B), on(B,C), cleartop(A)}.
A universal plan is generated by backward operator applications starting
with a state fulfilling the top-level goals. For each current state (node in
the planning tree), the plan is expanded by all legal predecessors which are
not already contained in the plan. That is, the plan consists of all optimal
plans. The resulting universal plans for clearblock and tower are given in
figure 3. Modelling the exploration of a problem by universal planning is
clearly not psychologically plausible. Alternatively, single plans could be
generated sequentially and stepwise integrated into one structure.
For generalization over the structure of a plan, i. e. for inferring a problem
scheme representing a domain specific solution strategy, the universal plan
has to be transformed into an initial program (as given in fig. 2). The
crucial aspect of transformation is to replace constants by “constructive”
expression. In terms of theory of programming this corresponds to the
definition of a constructive data type.
For example, for blocks-world problems, we can define on(x, y) ≡ topof (y) =
x. Following the ordering of states given in the plan, we can replace
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B → topof (C) and A → topof (topof (C)) and interpret the remaining constant C as variable. Using only relevant predicates (the top-level goals and
all literals inserted by ADD), the clearblock program corresponds to the
nested conditional expression given in figure 2. Each condition-expression
pair of this initial program corresponds to a linear macro or generalized
production rule:
IF cleartop(x) THEN s
IF cleartop(topof(x)) THEN puttable(topof(x),s)
IF cleartop(topof(topof(x))) THEN puttable(topof(x),
puttable(topof(topof(x)),s)).

The symbol s represents the current state – it is a so called situation variable
(Manna & Waldinger, 1987) (note, that operators get s as an additional
argument).

4

Induction of Problem Schemes

For the second step of learning we use a generalization-to-n technique, as
usual in inductive program synthesis (Shavlik, 1990; Schmid & Wysotzki,
1998; Kitzelmann, Schmid, Mühlpfordt, & Wysotzki, 2002). Some initial
experience with a problem domain, represented as initial program, can
be generalized to a recursive program scheme, representing the sub-goal
structure of a problem and thereby a strategy for operator-application.
Generalization-to-n can be realized by purely syntactical pattern-matching.
We demonstrate the method again with the clearblock problem. The initial
program given in figure 2 is our input to inductive program synthesis:
G

=

if cleartop(x) then s else puttable(topof (x),
if cleartop(topof (x)) then s else
puttable(topof (topof (x)),
if cleartop(topof (topof (x))) then s else Ω)).

The symbol Ω (denoting the “undefined”) indicates, that the system has
gained no experience for the case that the second block on a block x is
not clear. Generalization will now be performed by extrapolation over
the structure of the initial program. The general idea is, to identify a
term tr corresponding to a subtree starting at the root in G which occurs
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repeatedly with a substitution Θ of variables v by terms t. To this aim we
(i)
decompose G in a sequence of terms G(i) with G(i+1) = tr(GΘ ). In terms
of theoretical computer science that is, we interpret G as an element of a
Kleene sequence (linear expansion) belonging to some unknown recursive
program. By definition G(0) = Ω holds. Now we can rewrite G as sequence
G(0)

=

Ω

(1)

=

if cleartop(x) then s else puttable(topof (x), Ω)

G(2)

=

if cleartop(x) then s else puttable(topof (x),

G

if cleartop(topof (x)) then s else
puttable(topof (topof (x)),
Ω))
G

(3)

=

G

with tr = if cleartop(x) then s else puttable(topof(x), m) and Θ =
{x/topof (x)}. Symbol m marks the place where a sub-term can be inserted
into the structure. We can rewrite the sequence by
G(0)

=

Ω

G(1)

=

if cleartop(x) then s else puttable(topof (x),
(0)

G{x/topof (x)})
G(2)

=

if cleartop(x) then s else puttable(topof (x),
(1)

G{x/topof (x)})
G(3)

=

if cleartop(x) then s else puttable(topof (x),
(2)

G{x/topof (x)})

and extrapolate
G(i+1)

=

(i)

if cleartop(x) then s else puttable(topof (x), GΘ )

for all i ∈ N , thereby getting in the limit the recursive program scheme
G(x, s)

=

if cleartop(x) then s
else puttable(topof (x), G(topof (x), s)).

Induction of generalized structures from examples is a fundamental characteristic of human intelligence as for example proposed by Chomsky as “language acquisition device” (Chomsky, 1959). This ability to extract general
rules from some initial experience is captured in the presented technique of
inductive program synthesis.
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Figure 4: Mapping via abstraction and instantiation

5

Learning by Analogy

For the third step of learning we apply a method of generalizing over program schemes which is based on analogical transfer (Hasker, 1995; Schmid,
Burghardt, & Wagner, 2003). RPSs can be considered mathematically to
be elements of a term algebra, that is, they are not restricted to a special
programming language. Operation symbols contained in a RPS can be interpreted semantically by different operations. Thereby, a RPS represents
not only a structure of how to solve a specific problem but a structure for
solving a class of structural isomorphic problems. This characteristics can
be exploited for analogical transfer. If an RPS with a certain recursive
structure exists, a structural isomorphic (or structural similar) problem
can be solved by analogical transfer omitting the effort of inducing an RPS
from scratch.
A current initial program (target problem) might be solvable by means
of a strategy already learned, i. e., an RPS represented in memory. How
a suitable RPSs can be found in memory is discussed at the end of this
section.
The crucial step in analogy is to find a mapping from the base to the target
problem. Typically in cognitive models, mapping is performed directly from
objects of the base domain to objects of the target domain (Gentner, 1983;
Falkenhainer et al., 1989). An alternative view to mapping is this (see
Fig. 4.a): first, identify the common structure (t) of base (t1 ) and target
(t2 ), second, calculate the mapping of objects of the base to objects of the
target via the common structure.
In structure mapping as well as in mapping via abstraction, the greatest common sub-structure of base and target must be identified. But in
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mapping via abstraction, the common structure is not forgotten but represented explicitly. Instead of mapping one object directly onto another, it is
mapped via the role it is playing in the common structure. For example, the
number “0” can play the role of a neutral element in addition. Mapping
via abstraction in general is more efficient than direct mapping because
there is no need to try out different possible mappings. In the LISA model
(Hummel & Holyoak, 1997) mapping is constrained by semantic features
associated with the objects. In anti-unification, the constraints are given
by the problem structure, or, in other words, by the functional role the
objects play in a given structure.
The mapping procedure just described is known as calculating the most special generalization (Plotkin, 1969) or as anti-unification (Reynolds, 1970).
It is important, that the most special generalization is calculated. Only
then all structural commonalities are captured in the abstract representation. Formally, a generalization of t1 and t2 can be characterized as
most specific, if for each other generalization t0 holds, that there exists a
substitution σ 0 such that t0 σ 0 = t (see Fig. 4.a).
Anti-unification (AU) is defined for clauses (that is logical formulae) as
well as for terms. In the following, we only deal with terms. For further
illustration of AU, look at the following example (see Fig. 4.b):
t1 = 10 + (15 · 10) and t2 = 3.5 + (20.2 · 3.5).

The most special generalization is t = x + (y · x) with ϕ = {(10, 3.5) 7→
x, (15, 20.2) 7→ y} and it holds that t1 = tσ1 for σ1 = {x 7→ 10, y 7→ 15}
and t2 = tσ2 for σ2 = {x 7→ 3.5, y 7→ 20.2}. Another generalization is
t0 = u + v. t1 can be obtained from t0 by σ10 = {u 7→ 10, v 7→ (15 · 10)},
and t2 by σ20 = {u 7→ 3.5, v 7→ (20.2 · 3.5)}.1 This generalization t0 is
not as special as t, it “forgets”, that the second operand of the addition is
the product of two numbers where the second number is equal to the first
operand.
Up to now we described first-order AU, which corresponds to cognitive
models of analogy (Falkenhainer et al., 1989) insofar, as only objects can
be mapped but relations must be preserved. First-order AU can be generalized to second-order, allowing that functions (or operators or relations)
are generalized to function variables. Again we give a simple example:
t3 = 10 + (15 · 10) and t4 = 3.5 − (20.2 · 3.5).

In the first-order case, t3 and t4 generalize to the object variable x because
1 The usual definition of substitution is that variables can be replaced by arbitrary
terms, that is, by other variables (“renaming”), by constants, or by more complex expressions.
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Fac-Unfolding:
if
n = 0 then 1
else if n = 1 then 1·1
else if n = 2 then 2·(1·1)
else if n = 3 then 3·(2·(1·1))

NSum-Problem:
if
n = 0 then 0
else if n = 1 then 0−1
else if n = 2 then (0−1)−2
else if n = 3 then ((0−1)−2)−3

Figure 5: Example computations to be generalised
the expressions are built over different operators ((+) in t3 and (−) in t4 ).
In the second-order case we obtain t3,4 = x F (y · x) where x and y are
object variables and F is a function variable with σ3 = {F 7→ (+), x 7→
10, y 7→ 15} and σ4 = {F 7→ (−), x 7→ 3.5, y 7→ 20.2}. Because secondorder AU allows for deletion, insertion and permutation of arguments of
function variables, anti-instances and substitutions are written slightly differently (Hasker, 1995): t3,4 = F (x, ·(y, x)) with σ3 = {F 7→ +(π1 , π2 ), x 7→
10, y 7→ 15} and σ4 = {F 7→ −(π1 , π2 ), x 7→ 3.5, y 7→ 20.2}. All functions
and operators are written in prefix notation. Function variables are represented with their arguments. Projections π describe which argument of
the anti-instance is put at which position. For example, π1 returns the first
argument, vic. x, of F (x, ·(y, x)).
We will illustrate the application of AU to programming by analogy with
the factorial function as base problem:
Fac-Problem: If the factorial of 3 is calculated as 3 · 2 · 1 · 1 what is the factorial
for a natural number n?
Fac-Solution: fac(n) = if(n=0,1,n · fac(n-1)).

If we unfold the recursive function of fac, that is, replace the recursive call
in the body by the recursive definition, we obtain a computation as shown
on the left-hand side of Fig. 5. An isomorphical problem is to calculate the
sum of a natural number (Anderson & Thompson, 1989). Since we want to
demonstrate that second order AU allows adaptation of non-isomorphical
structures in a natural way, we use the nsum problem as a target problem:
NSum-Problem: If the neg. sum of 3 is calculated as ((0 − 1) − 2) − 3 what is
the neg. sum for a natural number n?

The problem can be enriched with an explanation of how the negative sum
is calculated for numbers smaller than 3 (see right-hand side of Fig. 5). If
we compare the unfolding of fac with the initial solution of nsum we see,
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that the problems are structurally similar but not isomorphic. While fac
associates to the right, nsum associates to the left.
Our second-order AU algorithm returns the anti-instance
Fac-NSum-Generalization:
if
n=0 then x
else if n=1 then 1 F x
else if n=2 then 2 F (1 F x)
else if n=3 then 3 F (2 F (1 F x))

with the substitutions σfac = {x 7→ 1, F 7→ (· π1 , π2 )} and σnsum = {x 7→
0, F 7→ (− π2 , π1 )}. Note that for σnsum the arguments of the subtraction
operation are reversed. The abstract term captures the role of 1 and 0 as
neutral element and of · and − as ‘combination-operator’ respectively. The
target solution, that is, the recursive program for calculating the negative
sum can be obtained by applying the found substitutions to the recursive
solution of the base problem fac: nsum(n) = if(n=0, 0, nsum(n-1) − n).
Besides changing order of sub-terms, second-order AU allows for deletion
and insertion of sub-terms (Hasker, 1995). In general, unrestricted secondorder AU leads to infinite sets of most special generalizations. Therefore,
our approach is restricted to “relevant combinators” allowing duplication
but no deletion of symbols (Hasker, 1995). Even for restricted secondorder AU, there no longer exists a unique most special generalization but
a (finite) set of such generalizations. Additional heuristic criteria can be
used to select a “most suitable” anti-instance from the set returned by the
generic algorithm. Details and examples are given in Wagner (2002).
Second-order AU goes beyond Anderson’s cognitive model of programming
by analogy (Anderson & Thompson, 1989) in several aspects: While in Anderson’s approach quite an extensive amount knowledge about the “function” and “form” of Lisp functions must be presented to the system in form
of a hierarchy of schemes, we only need some rewrite rules to represent the
problem as a term. Furthermore, Anderson’s approach only works for isomorphic problems, and, finally, generalization is dealt with as a seperate
process while in our approach it is obtained during analogical problem
solving.
Finally, Anderson’s approach only addresses the problem of mapping and
transfer. Generalization as last step of analogy is handled by a seperate
mechanism. In our approach, generalization is an integral part of the analogy process. Retrieval can be realized by ordering the anti-instances of
all (or a pre-selection of) RPSs in memory with the target problem in a
subsumption hierarchy and selecting the most specific anti-instance (Plaza,
1995; Schmid, Sinha, & Wysotzki, 2001).
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Discussion

We have proposed to look at skill acquisition from the viewpoint of program
synthesis. Thereby we obtain a unifying view for learning by doing and
learning by analogy and have a sound theoretical background in computer
science.
The crucial aspect of our approach is to realize a technique for the induction of problem schemes. It is a common assumption that people acquire
knowledge about the structure of problems during problem solving experience for which exists some evidence in experimental cognitive psychology.
But cognitive models as ACT-R or SOAR are neglecting to give methods
for scheme induction. Inductive program synthesis is not explicitly a cognitive approach to fulfill this aim. But it realizes the ability of cognitive
systems to detect regularities and generalize over them as described for
example by Holland, Holyoak, Nisbett, and Thagard (1986).
Furthermore, the identification of data types from plans captures the evolution of perceptual chunks from problem solving experience (Koedinger &
Anderson, 1990). For the simple clearblock example, the introduction of
topof(x) in the program scheme represents the knowledge that the relevant
part of the problem is the block lying on top of the currently focussed block.
For more complex domains, as Tower of Hanoi, the data type represents
“partial solutions” (see Schmid, 2003 for a detailed description).
The representation of problem schemes by recursive program schemes also
differs from the representation formats proposed in cognitive psychology
(Rumelhart & Norman, 1981). But RPSs are capturing exactly the characteristics which are attributed to cognitive schemes, namely that schemes
represent procedural knowledge (“knowledge how”) which the system can
interrogate to produce “knowledge that”, i. e., knowledge about the structure of a problem. Thereby problem schemes are suitable for modeling
analogical reasoning.
Finally, RPSs have a clear formal definition. Therefore it is possible to
define structural similarity between problem schemes in an unambiguous
way. Using RPSs as representation format for source and target problems
in analogical reasoning gives us a tool to construct problems which vary in
their structural similarity in a systematic way. This makes it possible to
perform experiments on the influence of structural similarity on successful
transfer on a more detailed level (Schmid, Wirth, & Polkehn, 2003).
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